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Two-Parameter Stochastic Resonance in a Model of the Photosensitive
Belousov-Zhabotinsky Reaction in a Flow System
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Stochastic resonance (SR) is shown in a two-parameter system, a model of the photosensitive Belousov
Zhabotinsky reaction in a flow system. Light flux and a flow rate are control parameters in a newly developed
Oregonator-type model, and the oscillatory behavior of the system is the dynamical observable. Modulation
of an excitable focal steady-state close to a Hopf bifurcation by a periodic signal in one parameter and noise
in the other parameter is found to give rise to SR. The scenario and novel aspects of SR in this system are

discussed.

I. Introduction the other parameter. Noise in the light flux affects the dynamics
of the system significantly depending on the concentrations of
Bromomalonic acid (BrMA¥-35and bromate (Bre) that are

the sources of photoinduced generation of Bind HBrQ,

Stochastic resonance (SR) has been observed in a wide rang
of physicall chemicalk=% and biological® systems. The

mechanism of SR was originally proposed for a bistable respectively. Thus we have investigated two different cases

system®11to account for periodicity in the Earth’s ice ag@s. . ; .
Recent theoretical studies have proved that SR occurs in awiderby changing the concentration of BrMA. The computational

class of situations, including excitabéthreshold-crossingfis results show that SR occurs in this system under the condition

and threshold-fré&17systems. Stochastic resonance in spatio- where a signal and noise are added to the different physical
temporal system&2! has also become of much interest inputs. Our system also covers usual framework of SR in a

particularly in studies of pattern formation and parallel detec- chemlcal reaction system Wherelr! noise in a flow rate or light
s ) Y : flux is added to a periodic signal in the flow rété or in the
tion?? of signals in biological media. Now SR has pervaded | .

) . o . o light flux, respectively.
diverse areas of science, and it's technical application has also
been carried o3

A combination of an input signal and optimized additive noise - -
may give rise to SR in all of the systems mentioned above. ~Photosensitive Flow-Oregonator. A modified Oregonator
Despite many examples of SR in different scientific areas, itis model accounting for the photosensitivityf the BZ reaction
worth noting that all the experimental studies and their modeling in a flow system is presented here for the first time. The model
studies have been performed under the same conditions in whichinvolves the following reaction steps, which has recently been
both a signal and noise are added to a system from identicalproposed by Kdar and co-worker®
physical sources. For instance, they are electrical vokimy

Il. Model

rates? 6 water motior'; 13 air-current? electrical potentiat,and A+Y—=P+X (01)
magnetic flux2® In such cases, a signal is buried in noise from X +Y — 2P (02)
the identical physical source, and both the signal and the noise
can be assigned tne parametein the models—6.1323 Under A+ X —2X + 27 (03)
some circumstances, however, the sources of a signal and noise
may be different31724and SR under such a condition will be 2X—P+A (04)
more general in nature than that we already know.

In this paper, we take into account two different physical M+Z—hY (05)
phenomena (light flux and a flow rate) for a signal and noise in
a real chemical reaction system. We have used the Oregénator G-—E (PO)
model, modified in this study to describe the photosensitive _
Belousov-Zhabotinsky (BZ) reactiofi2® that includes the EtV=Y+z (P1)
photoinduced generation of both inhibitor 8462935 and E+A—X+27 (P2)

activator HBrQ35-38in a flow systen®® The two experimen-

tally controllable parameters, light flux and a flow rate, are where A= BrOz~, P = HOBr, X = HBrO,, Y = Br—, Z =
independent bifurcation parameters in the model. A signal and Ru(bpy}**, M = MA (malonic acid), G= Ru(bpy}?**, E =
noise are added to the constant component of each parameteiRu(bpy)?"* (excited state of Ru(bpyj*), V = BrMA, and h

An excitable focal steady state close to a Hopf bifurcation is is the stoichiometric factor. Processes (©(5) represent the
modulated by a periodic signal in one parameter and noise in Oregonator while processes (P@P3) represent the photo-
chemical reaction of the catalyst; (P0) is the photoactivation of
*To whom correspondence should be addressed. Ru(bpy)?" with the forward reaction rate proportional to the
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TABLE 1: Differential Equations for Modified Oregonator TABLE 2: Parameters Used in the Model
Model ref
ref rate constants
Kinetic Terms koi= (2 M3s71) H? 43
Fx = ko1AY — ko2XY + kosAX — 2kosX? + ke EA ko2=(3 x 1P M2s ) H 43
Gy = —k01AY— kozXY+ hko5MZ + kplEV ko3 = (42 M2 Sfl) H 43
Hz = 2kosAX — kosMZ + keiEV + 2kpEA kos=3 x 10°Mts? 43
Reaction Rates for Process (P1) and (P2) kos=5M7ts? a
Vv 35,42 stoichiometric factor and concentrations
ke EV = o~ h=0.5 a
0.089+ V + 15H°A H=0.37M b
35,42 A=0.15M b
Ky EA= 15H°A ® M=02M b
27 0,089+ V + 15H%A V005 M o 0.005M b
Steady-State Approximation for E 'n't'QIZOng't'on ¢
dE/dt = @ — K_peE — KesEV — kesEA — KE ~ 0 35, 42 ! ')'<O 0|v||| S .
. . . . Yo=1x10*M c
light flux (@), and the reverse reaction a first-order quenching Zg O,TA c
process with a rate constantlof,o, and (P1) and (P2) represent . ) o ) .
the photoinduced generation of BrHBrO,, and Ru(bpy)** Parameters in the Qregonator, arbltrarlly_ assigned in this work.

b Assigned in this work with a reference to the literatées. Arbitrarily

from the reaction of Ru(bpyd™* 4°with BrMA and BrO;~. The assigned in this work.

flow terms are added to the differential rate equatior?8 as
Vv _ 15H°A
0.089+ V+ 15H?A" "2 0.089+ V + 15H?A

dx = 6
- Fy — kX P (6)
Equation 4 is consistent with the Tyson’s scaling, and eq 5
av_ Gy — k(Y —Yp) involves two scaled control parameter® and k.. The
dt dimensionless form fop is consistent with the scaling by Krug
et al26 The newly introduced coefficientg; andp,, can be
az_ H, — kZ (1) derived from a series of photochemical reactions of the catalyst,
dt Ru(bpy}?", in the BZ reactior$>42 The rate constarftsand
the other parameters used in the model are listed in Table 2.
Two values of BrMA concentration were used to investigate
the dynamics of the system with the same values of the other
parameters.

Periodic and Stochastic Modulation of Light Flux and
Flow Rate. The light flux and the flow rate that are composed
of a constant, a periodic, and a stochastic component can
respectively be expressed as follows:

where k, Gy, and H are the kinetic terms for the chemical
reaction (O1}(P2) as listed in Table X is the flow rate, and
Yo is the concentration of Y in the feed flow solution. It is
noted thath, M, andV are constants in this flow system, whereas
they were variables in a batch systém.

The reaction rate eq 1 can be nondimensionalized using the
Tyson's scaling*

2
X = %A“x, y= kl;"; z= iok‘;kg . T=koMt (2) o = P° (1 +a sm( ) + ﬁlg(a)) )
The dimensionless rate equations then become k= kf (1 + o, sm(m) + /325(6)) (8)

eX=X1=X) YA~ X~ e X+ P é where®° andk? are the constant components; anda, are

the amplitudes of the sinusoidal signals with peridgdsandT,,
respectively;5; and 3, are the noise amplitudes of equally
distributed random numberg(d), between—1 and 1; and is
X — 7 k7t (p_l i )¢ 3) the duration of the pulse of a single noise evefit.The system
f 2 P2 was modulated under the following two conditions to shew-
parameter SR (i) a periodic signal in the flow ratesg = 0)
These equations involve the following dimensionless param- with random noise in the light fluxog = 0), and (ii) a periodic

€y=2hz—y(A+X) + €k (Vo= Y) + Py &

eters signal in the light flux 81 = 0) with random noise in the flow
rate @2 = 0). The constant components and the amplitudes of
kosM , 2K KosM q 2Ko1Ko4 @) the periodic signals were chosen in such a way that the system
E = y 6 = y = . . . .
KosA KooKosA KooKos remained in the steady state without the random noise. The

noise pulse occurred every 10 s, and its duration was setto 5 s.
Equations 2-8 with the values of the parameters listed in

and Table 2 were solved numerically using the Gear mettoib
koz 1 2k, quantify the SR effect, the time series of the data (60 000 s)
Yo = Yo k=7 Ky ¢=—2 (5) were analyzed by examining an interspike distribution at the
koA KosM (kos™) period of a signat; ® which is an alternative of examining the

signal-to-noise ratio from the power spectra of the corresponding
with time series. An interspike histogram was made as follows:
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2010 F , , : x in Figure 1a, while photoinductiéh38of oscillations also takes
| a place over a limited range of the flow rate where the boundary
line has a positive slope in Figure 1b. Numerical integration
of egs 2-8 indicates that the photoinhibition and the photoin-
duction occur through a subcritical Hopf bifurcation under the
Ss investigated conditions; undamped large-amplitude oscillations
1010 [ ] stopped or started abruptly when the value of the light flux was
increased gradually. The period of oscillations increased from
- 60 s, under the dark and zero-flow rate conditions, to 100 s by
50107 [ increasing the light flux and the flow rate. The bifurcation
[ osc diagrams were used to determine an excitable focal steady-state
» ] close to the Hopf bifurcation for the SR study.
| _ ] Periodic Signal in Flow Rate and Noise in Light Flux. The
0 0.5 1.0 15 20 25 response of the system modulated by a periodic signal in the
flow rate and noise in the light flux was first investigated.
Figure 2 shows the results as a function of the noise amplitude
s r in the case of the high concentration of BrMA. When a
3010 f b oY sinusoidal signald, = 0.05, , = 300 s) was imposed on a
constant component in the flow rate without noise in the light
flux (81 = 0), the system exhibited no response (Figure 2a).
Irregular spikes of oscillations began to appear at the noise
ss ] amplitude off3; = 0.15 when the bifurcation line was crossed
sk by the noise (Figure 2b). More spikes appeared with increasing
15107 ¢ ] the noise amplitude, and the time interval between the adjacent
[ spikes approached the period of the sinusoidal signal in the flow
rate at the noise amplitude gf = 0.2 (Figure 2c). When the
" osc ] noise amplitude was further increased, the system generated
50107 H ] more spikes with the period of the autonomous oscillations,
0 which resulted in the decrease in the NAS whose time interval
o 0‘5 110L 1'5 2‘0 2L5 3'0 was between 27_0 and 330 s, 3{:1_0.1)T2, as shown in Flgyre
’ ' ’ ) ’ ’ 2d (31 = 0.3). Figure 3 summarizes the NAS as a function of
kel 1077 the noise amplitude. A maximum of the NAS, which is the
Figure 1. Bifurcation diagram of a modified Oregonator model (eqs ~ fingerprint of SR, was obtained at the noise amplitudg0f
2—8 with ay = oz = 1 = B2 = 0) spanned by the flow ratég} and 0.2.
the light flux (@). (a) V = 0.05 M, (b)V = 0.005 M (V = BrMA). Periodic Signal in Light Flux and Noise in Flow Rate. The
The other parameters used are listed in Table 2. The lines divide the gpgye system was second studied by imposing a periodic signal
region into the steady state (SS) and the oscillatory state (OSC), Where(OL1 =0.05,T, = 300 s) in the light flux and noise in the flow

Hopf bif ti . . . . .
a Hopt bilureafion oceurs rate. The NAS as a function of the noise amplitude is also

the number of adjacent spikes (NAS), whose time interval was ShoWn in Figure 3. Once again we can see a maximum of the
in the range between 270 and 330 s (i.e.:{D.1)T; or (1 + NAS at the noise amplltut_je ¢, = 0.4-0.45. T_hes_e r_esults
0.1)T,), was plotted as a function of the noise amplitudes. A Show that SR occurs in this system when a periodic signal and
different random number was used in each calculation, and the"°iS€ are applied to different control parameters.

NAS obtained from six calculations was averaged at each value SR iIn the Case of the Low Concentration of BrMA. An

of the noise amplitudes. The standard deviations of the NAS €xcitable focal steady-state close to the Hopf bifurcation in the
were found to be reasonable magnitudes to quantify the SR case of the low concentration of BrMA was also modulated in
effect, if the time series of more than 30,000 s were analyzed. & Similar manner as mentioned above: (i) a periodic signal in
We analyzed the time series of 60 000 s in this study, and the the flow rate with noise in the light flux and (ii) a periodic signal

analysis shows the NAS divided by this value in the histogram. in the light flux with noise in the flow rate. The NAS as a
function of the noise amplitude is shown in Figure 4. A

I1l. Results maximum of the NAS was obtained in each case, however, the
. . . . . . characteristic peak of SR in the case of (i) appeared in a range
Linear Stabll|ty Analysis. A Imear stability analysis for the ¢ e pojse amplitude that was 10-fold smaller than the noise
three-variable system (eqs-8 withau = 02 =f1=52=0)  ampjitude in the flow rate in the case of (ii).
has been carried out according to the procedure described in

the literature’> The condition for a Hopf bifurcation, which is
characteristic of the Oregonat®and a modified Oregonaté?,
was investigated with the values of parameters listed in Table The results of SR in this system can be interpreted by the
2. The bifurcation lines spanned by the flow rate and light flux threshold scenario of SR:'®> In general, a threshold is

are shown in Figure 1: (a) for a high concentration (0.05 M) considered to be unperturbed and constant in time, and SR may
of BrMA and (b) for a low concentration (0.005 M) of BrMA.  occur when the sum of a periodic signal and additive noise
The shapes of the two boundary lines, which divide the region crosses the threshold as shown in Figure 5a. For instance, a
into excitable steady state (SS) and oscillatory state (OSC), differ Hopf bifurcation point in a flow rate is used as a constant
greatly from one another in view of the effect of light on this threshold for SR in chemistr{.6 In the case of SR presented
flow system. When light flux is increased under a certain flow in this study, a periodic signal in one parameter (e.g., the flow
rate condition, only photoinhibitic#33-38of oscillations occurs  rate) changes the threshold of the other parameter (e.g., the light

1.510° H 4
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oiMms™)

1.0105 _ ]

IV. Discussion
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Figure 2. Oscillations inY (bromide concentration) as a function of the noise amplitydgir the light flux (@° =9 x 1077 M s7%, oy = 0) under
periodic modulations in the flow ratésf = 1.05x 102 s, o = 0.05,T, = 300 5,82, = 0). (@)1 = 0, (b) f1 = 0.15, (c)B1 = 0.2, and (d)3:

= 0.3. The numerical integration of eqs-8 was carried out up to & 10*s, and the result up to & 10* s is shown. The parameters used are the
same as those in Figure 19 € 0.05 M).

flux) as shown in Figure 5b. Addition of noise to the latter is very sensitive to noise in the light flux that generates activator
parameter (the light flux) can give rise to SR when the noise HBrO,. Addition of noise with a small amplitude in the light
crosses the periodically modulated threshold. When the fluctua-flux to the focal steady state was found to induce oscillations,
tions in the two parameters are exchanged one another (i.e., @&ven if the amplitude was too small to cross the bifurcation
periodic signal in the light flux and noise in the flow rate), the line. The oscillation is of excitable nature, thus a pulse in noise
system also gives rise to SR by the same scenario. that has an amplitude above a critical value induces one
Two-parametersystem has characteristic aspects that can oscillation. The excitability of a focal steady state decreases
never be observed in one-parameter system. Selective enhancewith increasing the distance between the focal point and the
ment in a signal in one of the two parameters might take place bifurcation line. Thus the periodically modulated threshold
under simultaneous periodic modulations of the two parametersinduces a periodic change in the excitability of a focal steady
with noise in one parameter, depending on the periods, state. The system shows no excitable response to the flow rate,
amplitudes, and phases of the two modulations. Further, and noise in the flow rate cannot induce any oscillations unless
stochastic unresonance may also occur, if there is no relativeit crosses the bifurcation lines. This excitable character of the
change in the threshold as a result of an in-phase movement ofsystem may explain the aforementioned 10-fold difference in
the two periodic signalé® the range of the noise amplitudes over which SR occurs. The
A different role of the two parameters, the light flux and the difference in the peak height (Figure 4) is probably related to
flow rate, in the dynamics of the present system accounts for the excitable nature as well; however, the difference remains
the 10-fold difference in the noise amplitude for the SR peak unexplained yet. In the case of the high concentration of BrMA,
obtained in the case of the low concentration of BrMA (Figure the same excitable nature of the system may explain the
4). An excitable focal steady-state close to the Hopf bifurcation difference in the noise amplitude for the SR peak. In this case,
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Figure 3. Interspike histogram in the case of the high BrMA
concentration{ = 0.05 M). The number of adjacent spikes (NAS) in N
Y, whose time interval was between 270 and 330 s (i.ed @.1)Ty ‘

and (1+ 0.1)T,, was plotted as a function of the noise amplitude under
the two conditions: @) a periodic signal in the flow ratek{ = 1.05

x 1078 s7%, o = 0.05,T, = 300 s,3, = 0) with noise in the light flux
(®°=9 x 10" M s7%, oy = 0); (O) a periodic signal in the light flux
(P°=9 x 10" M s7%, o, = 0.05,T; = 300 s,5; = 0) with noise in

the flow rate k® = 1.05x 103 s%, a, = 0). The NAS is divided by

the integration time, 6< 10* s. Error bars are the standard deviations

of the NAS with a set of six random numbers at each noise amplitude.
The solid line is to guide the reader’s eye. The parameters used are the
same as those in Figure 1la.

Noise
-Y- Threshold

Signal
- :' I;."

0.001

0.0008 |- J Figure 5. Threshold paradigm of SR. (a) One-parameter system: a

threshold is constant in time and the system responds when the sum of
0.0006 - i a signal and additive noise crosses the thresholdT\#m-parameter

system: a periodic modulation in one parameter changes a threshold
0.0004 | | of the other parameter, and the system responds when noise in the latter

parameter crosses the modulated threshold.
0.0002 g
processes with only one process that represents zero-order
0 ] kinetics for the production of Br proposed by Krug, et &f
0.01 01 1 The reduction can be made as follows: = 0, p; in the dz/dt
Noise Amplitude equation is equal to zero, apg in the dy/dr equation is equal
Figure 4. Interspike histogram in the case of the low BrMA tg 1. This reduced form of a modified Oregonator model in a

concentration (V= 0.005 M) under the two conditions®j§ a periodic ; ;
signal in the flow ratek0 = 1.7 x 103 s, a, = 0.05,T, = 300 s, batch system has been found to be very useful, particularly in

Number of Adjacent Spikes, NAS / (1/s})

B> = 0) with noise in the light flux ©° = 1.5 x 105 M %, ay = 0); studies of the effect of light on spatio-temporal behavior in the
(O) a periodic signal in the light flux®® = 1.5 x 105 M s ooy = BZ systent®4% However, if we use the simple scheme for the
0.05,T; = 300 s,8; = 0) with noise in the flow ratek® = 1.7 x 1073 photochemical reaction, the resulting flow-Oregonator model

s, oz = 0). The NAS is divided by 6x 10*s. Error bars are the  is considered to bguasi two-parametesystem, because both
standarq deviatiqns of the NAS vyith a set 01_‘ six random numbers at the light flux term @) and the flow term d'xryo) control the
each noise amplitude. The solid line is to.guu;ie the reader’s eye. The system in the same way under the conditions where the other
parameters used are the same as those in Figure 1b. flow terms are negligibly smallex; = 8.6 x 1074 < 1, k; =
less effect of noise in the light intensity was observed, because2 x 1072 < 1, ande'xs = 4.6 x 107% << g =9.5 x 1075, with
the value of the light flux at the Hopf bifurcation is about 10- ki = 2 x 1073, Contrarily, the model presented in this study
fold smaller than that in the case of the low concentration of involves two independent bifurcation parameters that will
BrMA. represent the different physical roles in the real photosensitive

From the experimental point of view, a modified Oregonator BZ reaction in a flow system.
model used in this study is realistic enough to reproduce the
experimentally observed behavior of the photosensitive BZ vy conclusion
reaction in a batch systeff. The photochemical production of
activator HBr@36-38 through the process (P2) is crucial to the Computational study of a model of the photosensitive BZ
guantitative agreement between the experiments and the modelreaction in a flow system showed that SR occurs in the situation
in addition to the photochemical production of inhibitor where a periodic signal and noise are added to the different
Br—29-34 through the process (P1). The good agreement physical inputs (a flow rate and light flux). The two bifurcation
between the experimental and modeling resbits the batch parameters control the investigated system differently, which
system suggests that the model can readily be applied to theresulted in the difference in the noise amplitudes for the SR
flow system as well. In practice, the bifurcation diagram as peak. The model is based on the experimental behavior of the
shown in Figure 1b can explain the experimental behavior such photosensitive BZ reaction and is readily applied to the SR
as the photoinhibitio3847 and the photoinducticf3847 of experiments. Two-parameter SRr, in generalmultiparameter
oscillations in the flow system. SRmay widely be seen in biologicaP and naturdf-12 systems,

A photosensitive flow-Oregonator model (eq 3) can be which are always suffered from many kinds of periodic and
reduced to a simple form by replacing the three photochemical noisy fluctuations.
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